Introduction
The classical Riemann-Roch Theorem arose from trying to estimate the maximal number of linear independent meromorphic functions on a compact Riemann surface S which are subordinate to a given divisor D = Sm(p)p € Ho(S, Z). Whereas (1.1) is usually stated and proved using sheaf cohomology, cf, e.g. [GH], (1.2) can be proved in a purely analytic manner using the heat équation method, cf.
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[K], Now it is easy enough to extend the sheaf theoretic version of the Riemann-Roch theorem to include singular algebraic curves and divisors which are supported off the singular locus. For the analytic version such an extension is not at all obvious since, at first glance, there is no natural Fredholm operator available. This and more will be supplied by our generalization of (1.2).
The twisted Cauchy-Riemann operator
Let C be an algebraic curve, i.e., a one-dimensional subvariety of CP N which we assume to be irreducible. The desingularization ( 
